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Abstract
In the recent and very enjoyable paper (Paul Strange, Semiclassical and Quantum Analysis of
a Focussing Free Particle Hermite Wavefunction, arXiv:1309.6753[quant-ph]), Professor Strange
has studied a particular solution of the free particle Schro¨dinger equation in which the time and
space dependence are not separable. After recognizing the fact that “The Schro¨dinger equation
has an identical mathematical form to the paraxial wave equation [...]”, he claims to “describe and
try to gain insight into an exotic, apparently accelerating solution of the free particle Schro¨dinger
equation that is square integrable and which also displays some unusual characteristics.” It is the
main aim of this short note to show that the wavefunction described by Prof. Strange is simply one
particular Hermite-Gauss solution of the paraxial wave equation and even more “exotic” examples
can be found by considering, e.g., Laguerre-Gauss solutions.
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Professor Strange [1] considered a solution of the Schro¨dinger time-dependent equation
for one-dimensional motion of a free particle of mass m,
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that at t = 0 takes the form
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where ω = 1/tc. This equations is a 1-dimensional case of the more general function
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which is a solution of the 2-dimensional Schro¨dinger equation for a free particle of mass m
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provided that t0 = mw
2
0/(2~), µ, ν ∈ {0, 1, 2, . . . } and w0 > 0 is a free parameter with the
dimensions of a length that fixes the size of the wavefunction. The solution (3) can be easily
found by taking a Hermite-Gauss solution uµν(x, y, x) of the paraxial wave equation [2]
2ik
∂uµν(x, y, x)
∂z
= −∂
2uµν(x, y, z)
∂x2
− ∂
2uµν(x, y, z)
∂y2
, (5)
and making the formal replacements z → t and k → m/~, where k is the wavenumber of
the Hermite-Gauss beam. When µ = 0 = ν the wavefunction ψµν(x, y, t) reduces to the
well-know free-space Gaussian wavepacket
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widely studied in the literature [3].
More wavefunctions with counter-intuitive behavior may be found by considering the
Laguerre-Gauss solutions of the paraxial wave equation. Consider, for example, the following
function:
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with ` ∈ {0,±1,±2, . . .}. Equation (7) represents an exact, square-integrable solution of the
free particle Schro¨dinger equation in 2+1 dimensions, which displays some “exotic” features,
as orbital angular momentum equal to `~ without “rotation”. What does this mean? Well,
when thinking about a free particle one usually imagines a little ball propagating along a
rectilinear trajectory with constant velocity. However, in quantum mechanics the particle
may be initially, at t = 0, prepared in a state that do not resemble at all a small ball,
namely a spatially localized object. Conversely, one can prepare a state where the particle
is perfectly delocalized along a ring:
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In fact, there is nothing strange about Eq. (7) from the viewpoint of quantum mechanics.
If one calculates the probability density ρ` = ψ
∗
`ψ` and the probability current density
j` =
~
2mi
[
ψ∗`
(
ex
∂ψ`
∂x
+ ey
∂ψ`
∂y
)
−
(
ex
∂ψ∗`
∂x
+ ey
∂ψ∗`
∂y
)
ψ`
]
, (9)
it is not difficult to see that the continuity equation is identically satisfied:
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As time goes by, the particle described by ψ`(x, y, t) does not move, in the sense that
〈x〉 = 0 = 〈y〉 and 〈px〉 = 0 = 〈py〉, where px = −i~∂x, etc. The other relevant expectation
values are:
〈x2 + y2〉 = 1 + `
2
w20
(
1 +
t2
t20
)
, 〈p2x + p2y〉 = (1 + `)
2~2
w20
, (11)
and
〈H〉 = 〈p
2
x + p
2
y〉
2m
= (1 + `)
~2
mw20
, 〈xpx − ypx〉 = `~. (12)
These equations describe the motion of a free quantum particle moving in a ring whose
radius change with time, as shown in Fig. 1, which illustrates the time evolution of the
probability density ρ1(x, y, t) evaluated for ` = 1:
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FIG. 1. Time evolution of the probability density ρ1(x, y, t). At t = −2t0 the particle is in the
ring at the left column. At t = 0 it reaches its minimum radius as permitted by the uncertainty
principle, and then it begins to expand again.
The same “free-focussing” phenomenon may be better observed by taking a cross section
at y = 0 of the probability density ρ1(x, y, t), as shown in Fig. 2.
FIG. 2. Time evolution of the section of the probability density ρ1(x, y = 0, t) evaluated at y = 0.
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Finally, in Fig. 3 we can follow the “motion” of the particle by plotting the streamlines
of the vector field j1(x, y, t):
FIG. 3. Snapshots of the streamlines plot of the probability current density j1(x, y, t) evaluated
for ` = 1. Note that the handiness of the rotation does not change at t = 0.
From the figures above it appears in a clear manner why these phenomena seems counter
intuitive if one think of a particle as a bullet. However, from a quantum mechanical point
of view the description furnished above is perfectly consistent.
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